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0. Introduction and Motivation



2-player 1-
round MIP
protocol and
MIP

Definition 3.3 (Two-player one-round uniform game family). A two-prover one-round game uni-
form game family & is an interaction between a verifier and two provers, Alice and Bob. The
verifier V' = (Algq, Alga) consists of a “question” randomized Turing machine Algg and an “an-
swer” deterministic Turing machine Algs. Given an input string input, the verifier samples two
questions (xg,x1) ~ Algq(input) and distributes xp to Alice and x; to Bob. They reply with
answers ag and a, respectively, and the verifier accepts if Alga (input, o, €1, ap,a1) = 1. A strat-
egy for Alice and Bob is said to be classical if they are allowed shared randomness but no shared
quantum resources. The value of Alice and Bob’s strategy is simply the probability that the verifier

accepts, and the classical value of the game is the maximum value of any classical strategy. We
write Q-length(%¢) for the maximum bit length of the questions as a function of the input input,
and similarly A-length(%) for the maximum bit length of the answers, Q-time(¥) for the maximum
running time of Algy, and A-time(¥) for the maximum running time of Alg,. Often we will not
explicitly write the dependence of these quantities on input.

Definition 3.4 (Multiprover interactive proofs). A 2-player I1-round multiprover interactive proof
protocol is a uniform game family ¢ as in Definition 3.3. For parameters 0 < s < ¢ < 1, we say
that the protocol ¥ decides the language L with completeness ¢ and soundness s if the following
three conditions are true.

o (Completeness) Suppose input € L. Then there is a classical strategy for ¢ with value at
least c.

o (Soundness) Suppose input ¢ L. Then every classical strategy for ¢4 has value at most s.

o All of Q-length(¥), A-length(¥¢), Q-time(¥¢), and A-time(¥) are poly(n) where n is the bit
length of input.

The class MIP. s is the set of all languages that can be decided by multiprover interactive proof
protocols with the parameters c, s.



Definition 3.21. Succinct-3Sat is the following problem.

o Input: a circuit C with 3n + 3 input bits and size poly(n). It encodes the 3-Sat instance )¢
with variable set z,, for u € {0,1}" which includes the constraint (2! V 222 v 2% ) whenever

C(U1, Uz, us, bl? bQ’ b3) =1
(Here, z} refers to the literal x; and z¥ refers to the negated literal 7;.)
o Output: accept if ¢ is satisfiable and reject otherwise.

A proof that Succinct-3Sat is NEXP complete can be found in [Pap94, Chapter 20], albeit with
a different encoding. Below, we show this implies NEXP-completeness for our encoding as well.

[ J
S u C C I n Ct 3 SA | Proposition 3.22. Succinct-3Sat is NEXP-complete.
| S S 3 S Q T Definition 3.23. Succinct-Succinct-3Sat is the following problem.
a n - - o Input: a circuit C with size poly(n), which is a succinct representation of a circuit C’, which

is itself an instance of Succinct-3Sat with instance size N = 2Poly (1),

o Output: accept if ¥¢/ (the 3Sat formula on N — 927%™ o riables generated by the circuit
C') is satisfiable and reject otherwise.

Theorem 3.26. Succinct-Succinct-3Sat is complete for NEEXP wunder polynomial time mapping
reductions. That is, for any language L in NEEXP, there exists a Turing machine R which takes as

input a string x € {0,1}"™, and in time poly(n) outputs an instance C, of Succinct-Succinct-3Sat,
such that C, is satisfiable iff x € L.



Quantum
strategy and
MIP*

Definition 4.5. Given a game ¥, a quantum strategy is one in which Alice and Bob are allowed

to share entanglement but not to communicate. We can model their behavior with the strategy
S = (p, A, B). Here,

o Write H 4 for Alice’s local Hilbert space and Hp for Bob’s. Then p is a (possibly entangled)
state in L(H4 ® Hp)-

o The set A contains a matrix A? for each question x and answer a, with the guarantee that
for each question z, A* := {A?}, is a POVM. (Likewise for B.)

Alice and Bob perform their strategy as follows: given question z, Alice performs the POVM
{AZ*}, and returns her measurement outcome to the verifier. Bob plays similarly. The value of
their strategy, denoted valg (S), is the probability that they pass the test, over the randomness in ¢
and in their measurement outcomes.

valg(S) = E Pr [Alg, (xo, 1, a0,a1) = 1]
(mo,ml)NAng ao,a1
- E > tr(A5e ® AT - p),

(o, ®1)~Algg ap,ai,

AlgA (m()»ml’a(ha'l):l

where in the first line, (ag,a@1) is the distribution on answers given questions xg, ;. We write
val(¥) for the infimum of valy(S) over all strategies S. We define value analogously for interactive
proofs.

We say that L € MIP ; if there is an quantum interactive proof ¢ that decides it. This means
that the following three conditions are true.

o (Completeness) Suppose input € L. Then there is a quantum strategy for ¢ with value at
least c.

o (Soundness) Suppose input ¢ L. Then every quantum strategy for ¢4 has value at most s.
o All of Q-length(¥), A-length(¥¢), Q-time(¥), and A-time(¥) are poly(n).

If ¢ — s is a constant, then we will suppress the dependence on them and just say that L € MIP*.



Motivation

Since S-S-3SAT problem is complete under NEEXP by polynomial time
reduction,

if we can show S-S-3SAT solved by MIP protocol with quantum strategy,
it shows that NEEXP in MIP*.

That is, we will construct MIP* game that completes S-S-3SAT problem in
polynomial answer and question — time and length with

completeness and soundness



1. SvP and Classical PCP Theorem



Low-degree Testing (SvP)

Definition 3.10 (Surface-versus-point test). The surface-versus-point low-degree test with parame-
ters m, d, q (a prime power), and k, denoted Ysyrface(m, d, q, k), is defined as follows. Let vy, ..., v
be k uniformly random vectors in Fg*, and let s be a uniformly random affine subspace parallel to
span{vi,..., v} (that is, s is the set {w + A\jv1 + -+ + A\wvg : A1,..., A € Fy} for a uniformly

random w), and let w be a uniformly random point on s. Given these, the test is performed as
follows.

o The vectors vq,...,v; and the surface s are given to Alice, who responds with a degree-d
polynomial f : s — .

o The point u is given to Bob, who responds with a number b € FF,.

Alice and Bob pass the test if f(u) = b.

Theorem 3.12 ([RS97]). There exist absolute constants c¢,d > 0 such that the following holds.
Suppose Alice and Bob pass Ysurface(m,d, q,2) with probability at least p. Then there exists a
degree-d polynomial g : Fi* — Fy such that

Pr [g(u) = b] > p — - m(d/q)° .

(s,u)

Explicit values for ¢, ¢’ have been derived by Moshkovitz and Raz [MRO08], albeit for the weaker
guarantee that g be a degree-md polynomial, which is still sufficient for most applications.

Communication cost. We can compute the communication cost of this test as follows.

o Question length: We encode a plane in Fy* with a string (u,v1,v2) € Fgm. This requires
3mlog(q) bits to communicate.

o Answer length: A degree-d bivariate polynomial on [, can be described with (d;Q) <
(d 4+ 1)? coefficients in F,. These require (d + 1)*log(g) bits to communicate.

Recalling Equation (1), a typical setting of parameters gives questions of length ©(log(n)), and
answers of length O (log(n)*/log log(n)).

Existence of
global low-degree polynomial
of prover’s process



Tseitin Transformation

Definition 3.27 (Tseitin transformation). Let C be a Boolean circuit with n input variables
x1,...,x, and s gates. Then the Tseitin transformation of C, denoted F := Tseitin(C), is the
Boolean formula defined as follows.

(i) Introduce new variables wy, ..., ws corresponding to the output wires of the gates in C. Then
the input variables to F consist of z1,...,z, along with wy, ..., ws.
(ii) Each gate in C operates on one or two variables in {z1,...,2Zn,w1,...,ws}. Write g;(z,w) for

the function computed by the i-th gate. Then F computes the intermediate expression
R = (gi(xv w) A u}i) \ (gl(r.w) N U_JL)
The final output of F is 21 A (z2 A (- A z4)).

By construction, C(z) = 1 if and only if there exists a w such that F(z,w) = 1 (in particular, w
is taken to be the wire values of C on input x). In addition, F contains exactly 7s + (s — 1) gates,
meaning that it has size O(s).

Boolean Circuit
=>» Boolean Formula
=» Polynomial over {0,1}"k

and Arithmetization

Definition 3.28 (Arithmetization). Let F be a Boolean formula of n variables and size s. The
arithmetization of F over Fy, denoted arith,(F), is the formula produced by the following two-step
process.

(i) Transform F by replacing all V gates with appropriate A and — gates.

(ii) Transform each Boolean gate into an F, gate as follows: Replace each A gate in F with a x
gate. Replace each — gate with a x —1 gate followed by a +1 gate (enacting the transformation
beF,— 1—0b). Call the resulting formula arith,(F).

Set Farith = arithy(F). On inputs z € {0,1}"*, Faritn(z) = F(z).
Farith (z) is computable in time poly(s, q).

On general inputs z € Fy,

Proposition 3.29 (Low-degree arithmetization). Let F be a Boolean formula of n variables, size s,
and m gates. Then arithy(F) is a degree-s polynomial over F,.

Proof. By induction on the number of gates, the base case (m = 0) being trivial. For the induction
hypothesis, assume the proposition holds for Boolean formulas which have fewer than m gates.
Either the gate at the root of F is a — gate or an {V,A}-gate. In the former case, F = —~F'
for some Boolean formula with m — 1 gates, and so arith,(F) = 1 — arith,(F’) by construction.
But these have the same degree, and so arith,(F) is degree s by the induction hypothesis. In the
latter case, assume without loss of generality that it is an A-gate. Then F = Fiegy A Fright for two
formulas of size sjef; + 5yight = s and fewer than m gates. By the induction hypothesis, arithg(Fief)
has degree-siegr and arith,(Fright) has degree-signt, and so arith,(F) = arithy(Fiegt) X arithy(Fright)
has degree s. O

The arithmetization procedure describe in Definition 3.28 can also be applied to general Boolean
circuits C, not just Boolean formulas. But Proposition 3.29 does not apply to general circuits; in
fact, the arithmetization of a Boolean circuit can have very high degree, even if that circuit is small.
This motivates using the Tseitin transformation: it allows us to convert a small circuit into a small
formula, which has a low-degree arithmetization.



Low Degree Encoding

3.4 A canonical low-degree encoding
The low-degree encoding affords us some flexibility when choosing the parameters and the injection;

MOt|Vat|On. however, for our application we will have to choose these with care, because each of our uses of the
|nte I‘pO|atI0n on f| nite f|e|d V.S. low-degree code requires that the injection 7 be efficiently computable. In this section, we give a

simple, canonical choice for the subset H and the injection 7 so that this is true.

Definition 3.7. We say that n, h = 2, ¢ = 22, and m are admissible parameters if t; < to and
Let g be a prime power and h < ¢ be an integer. Let H be a subset of IF; of size h. For n >0, let pm > p,
x € H". The indicator function of x over H" is the polynomial with inputs y € Fy* defined as

ILZ 11 (yi —b)

H;:I HbEH’b;ﬁzl ( ‘ D)’ Definition 3.8 (Canonical low-degree encoding). Let n, h = 21, ¢ = 2!2, and m be admissible
- T; — . .
i=1 L lbe H bz, \ L1 parameters. Set £ = t; - m. The canonical low-degree code is defined as follows.

The following definition gives the canonical encoding.

indg . (y) ==

There are two properties of this polynomial that we will need: (i) Let eq,..., e, be a self-dual basis for Fy over Fo. Then we set H to be the subset

(i) that it is low-degree, i.e. a degree-m(h — 1) polynomial,
. . . . . . Hz:Htl,tg={b1'81+"'+bt1’€t1|b17---;bt16F2}-
(ii) that for any x,y € H™, indg (y) = 1 if and only if z = y, and otherwise indg »(y) = 0.

Using this, we can define the low-degree code. As desired, [H| = h.

(ii) Let o := oy, 4, : {0,1}'* — Hy, 4, be the bijection o(by,...,by) = by -ey + -+ + by, - e4y. From

Definition 3.5 (Low-degree encoding). Let |[S| < h™, and let 7 : S — H™ be an injection. Then ; At s , i
this, we can construct a bijection oy, ¢, : {0,1}* — H™ by setting

the low-degree encoding (sometimes also called the Reed-Muller encoding) of a string a € F ‘qg is the

3 . m
polynomlal Ya : IFq — Fq defined as Uf,tl,t2(b1: cen >bf) = (o-(blr cee abtl)v o-(btl-l-lv R ath)a e 50(b€—t1+1: o «bi))

ga(z) = Z ai - indg (i) ().

e (iii) Given an index ¢ € [n], write biny(i) for its (-digit binary encoding. Then we define the
K3

injection 7 1= mpy, 4, 1 [n] = H™ as 7(i) = 044, 1,(bing(i)).

By the properties of the indicator function above, (i) g, is a degree-m(h — 1) polynomial, and
(i1) ga(m(i)) = a; for all i € S. We will typically, though not always, take S = [n]. Given an
error-correcting code, there are two key properties we care about: the rate and the distance. The
rate of the low-degree code is n/q"™. As for the distance, we can estimate it with the following

The following proposition gives the time complexity of the canonical low-degree encoding.

Proposition 3.9. The bijection o4, +, and the injection ™ := mgy, 4, are both computable in time
m - polylog(q). As a result, given a string a € Fy and a point x € F', the value g.(x) takes time
lemma. poly(n,m,q) to compute.



ldea of classical PCP

The crucial property of m that we will need later is that it has an efficiently-computable, low-
degree inverse. We will show this here. To do so, we begin by recalling the notation ind g ,(y) for
the indicator function of € H over H:

_ pra(y—b)
B Hb;éz(x - b) '

where b ranges over H. This is a degree-h polynomial which can be computed in time poly(h, q).

indH,z(y)

Definition 11.2. Let N = 2", h = 21, ¢ = 22, and m be exactly admissible parameters. Set
H = Hy, 4,, 0 = 0445, and ™ = Ty 4, 1, Consider the function p := gy, 4, : Fg — le whose i-th
component is defined as
pi(y) = Z indp . (y).
xE€H:trle;-z]=1
Let y = by -e1 +---+ by - e, be an element of H. Then p;(y) = b;, and so p(y) = (b1,...,bs).
This means that p(o(by,...,b,)) = (b1,...,b,). As a result, if we define the function v := vy, 4, 4, :
Iy — S, to be
v(Ty, . Tm) = (1), -, pw(Tm))
then v(mw(z)) = x for any x € S,. Each component of v is the sum of % indicator functions,
and is therefore degree-h and computable in time poly(h,q). As a result, v is computable in time
poly(n, h,q).

Definition 11.3. Let N = 27, h = 281, ¢ = 22, and m be exactly admissible parameters. Set
V= Upt,1,- Let C be a Succinct-3Sat instance whose Tseitin transformation F has n’ = 3n+3+s
inputs and encodes the formula ¢ := ¢ 7, and let Fuyien = arithy(F). Write m’ = 3m + 3+ s. Then
we define gy, := Gyp.niy is ]Fg’/ — F, to be the function

gy (21, 2,23, b1, b2, b3, w) = Faritn (v(x1), v(22), v(23), b1, ba, b3, w).
This is degree h - O(n’) and can be computed in time poly(n/, h, q).

For shorthand, we will often write inputs to g, as tuples (x,b,w) € Fg””"”s, where x =
(71,72, 73) contains three strings in Fj" and b = (by, b2, b3) contains three numbers in F,.

Definition 11.4. Let N = 2", h = 21, ¢ = 22, and m be exactly admissible parameters. Let C be
a Succinct-3Sat instance whose Tseitin transformation F has n’ = 3n+ 3+ s inputs and encodes the
formula ¢ := 97, and let gy := gy nt,.4,- Set m’ = 3m+ 3+ s. Then given a function g : Ky — By,
we define saty, 4 := saty gnt, ¢, : Fy' — Fy to be the function

saty,g(2,b,w) = gy(z,b,w) - (9(x1) — b1)(g(@2) — b2)(g(x3) — b3).

The crucial property we would like to check is that saty , is zero on the subcube Hero :=
H3m ® {07 1}3+s. h

Proposition 11.5. The function saty, ; is zero on the subcube Hyero for some g : Fy' — Fy if and
only if 1 is satisfiable. If it is satisfiable, g may be taken to be degree-O(mh), in which case saty g
is degree-O(mh + hn').



Schwartz — Zippel Lemma

Lemma 3.6 (Schwartz-Zippel lemma [Sch80, Zip79]). Let f,g be two unequal m-variate degree-d
polynomials over F,. Then

Pr |f(z) = g(x)] <d/q.

m
mN]Fq

As a result, the low-degree encoding has relative distance m(h — 1)/q. In a typical application,
we would like a code with large rate and distance. To achieve this, we will often use the following
“rule of thumb” setting of parameters:

log(n)
log log(n)

h = ©(log(n)), m = 6 < > ; q = polylog(n). (1)

This gives a code with rate 1/poly(n) and distance o(1). The polynomials involved are degree
d = O(log(n)?/loglog(n)).
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To verify this that saty 4 is zero on Hyero, we would like it to be encoded so that this is self-
evidently true. This entails expanding saty, 4 in a “basis” of simple polynomials which are zero on
the subcube. To begin, given a subset S C I, define

[T -0

bes

zerog(zx) :=

The following proposition shows how to expand into this “zero” basis.

Proposition 11.6. Let f : Fy — F, be a degree-d polynomial which is zero on the subcube H =

Hy®---® H,. Then there exist degree-(d — h) “coefficient polynomials” c1,...,c, such that
n
f(z) = zerog o(z) := ZzeroH(a:i) i (%)
i=1

For simplicity, we will write zeroy . instead of zerog, .. We would like our proof to consist
of the function g and the coefficient polynomials cy,..., ¢, so that we may check the equality
saty g = zeroy .. The following lemma shows so long as these functions are low-degree, we car
verify that they are equal, and therefore show that 1 is satisfiable.

Lemma 11.7. Let N = 2", h = 21, ¢ = 2!2, and m be exactly admissible parameters. Let C be
a Succinct-3Sat instance whose Tseitin transformation F has n' = 3n + 3 + s inputs and encode:
the formula vi=1r, Setm'=3m+3+s. Let g: Fy' — Fy, and set %atd,g 1= 88ty gty tp- L€
Cly. .. IFm — F,, set Hyero = H3™ @ {0,1}315, and write zeroy, := zerop,,,, .. Suppose thai
g is deqree dl, and suppose that cy,...,cp are degree-ds. Suppose

/
Pr [satyq(xz) = zerog(x)] > max{O(hn') ;— 3di,h + dg}'
T~ ]F'"’

Then 1 is satisfiable.

We can now state the contents of our probabilistically checkable proof for the satisfiability of 4. It
consists of the following four tables.

. A claimed low-degree polynomial g : Fg* — F.
e 1 F — By

, containing for each plane s in Fj" a degree-d bivariate polynomial.

1

2. A set of claimed low-degree polynomials ¢y, ...,

3. A “planes table”

4. Another planes table, containing for each plane s in IF;”/ an m/-tuple of degree-d bivariate
polynomials.

The verifier works as follows: first, it performs the low-degree test between g and its planes table.
Second, it performs the simultaneous low-degree test between the ¢;’s and their plane table. Both
of these use the degree parameter d = ©((n/)?), which is chosen to upper-bound both ©(mh)
and ©(mh + hn'). Finally, it picks a uniformly random (x,b,w) € IFZ]"/ and checks the equality
saty, (x, b, w) = zerog (x, b, w). It accepts if all the tests accept individually.

When 1 is satisfiable, there is always a proof that makes the verifier accept with probabil-
ity 1. This entails setting g to be the low-degree encoding of a satisfying assignment, and setting
€1, .., Cyy to be the coefficient polynomials of sat,, ;. The following proposition shows that when 1)
is not satisfiable, the verifier always rejects with probability at least 11—0
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Proposition 11.8. If the verifier accepts with probability at least 9/10, then 1 is satisfiable.

Proof. 1f the verifier accepts with probability at least 9/10, then each individual test accepts with
probability at least 9/10. Applying Theorems 3.12 and 3.19, we get degree-d functions g : Fy — F,
and Cijoes sCmf ¢ ]F{'I"'/ — 4 such that

dist(g,79) < T26’ dist(c,¢) < T%’ dist(saty, 4, zerog ) < Tlﬁ
(Here, we are assuming that ¢ is a sufficiently large function of m and h.) By the union bound,
dist(saty, 4,saty 5) < 3dist(g, g). As a result, by the triangle inequality

dist(saty g, zeropz) < dist(saty g, saty, g) + dist(saty, g, zerog ) + dist(zerop,. + zerog z)

< 3dist(g,g) + dist(saty,g, zerop,c) + dist(c,€) <3 & + & + 15 = 15-

By Lemma 11.7, 9 is therefore satisfiable. O

Time and communication complexity.

o Question length: The verifier performs two low-degree tests and draws a random point in
F;"'. These are of size ©(mlog(q)), ©(m’log(q)), and ©(m'log(q)), respectively, all of which
are O(n') bits.

o Answer length: The verifier performs one normal low-degree test, and then a second low-
degree test with answer complexity m’ times the normal answer complexity. These are of
total length (m’ + 1) - d?log(q) = O((n’)?). Finally, in the last test, it queries each of g and
C1,...,Cpy for a point in Fy, a total communication cost of (m’ + 1) log(q) = O(n’). In total,
the answer length is poly(n’).

o Runtime: The verifier runs in time poly(n’). This includes computing saty, ;(x, b, w), which
requires computing gy (x, b, w), taking time poly(n/, h, q) = poly(n’).



State dependent distances

Definition 4.10. The consistency game with question x, denoted %o, () is defined as follows.
The question x is given to Alice and Bob, who respond with answers a and a’, respectively. The
verifier accepts if a = a’.

We will typically play the consistency game when «, rather than being a fixed question, is
drawn from some distribution. Our first state-dependent distance quantifies the players’ success
probability in this case.

Definition 4.11. Let {A?} and {B¥} be sets of matrices in L(H4) and L(Hp), respectively. Let D
be a distribution on questions z and [¢)) be a state in H4 ® Hp. Consider the game in which the
verifier selects @ ~ D and then plays %.on(x). We say that

AZ @ Ipob =5 Ialice ® B

on state ) and distribution D if Alice and Bob win with probability 1 — O(d) using the measure-
ments A and B, respectively.

Equivalent with: E) _(¥[Af ® Bf [¢) > 1 - 0().

Definition 4.12. Let {Q%} and {RZ} be sets of matrices in £L(H). Let D be a distribution on the
variables x and |¢) be a state in . Then we say that QF ~5 RY on state |1) and distribution D if

E >1QF - B W) P = 00).

As above, we will sometimes leave the state or distribution unspecified when clear from context.
This is sometimes referred to as the state-dependence distance, whereas our first distance measure
is often referred to as the “consistency”. A typical setting of parameters is H = Ha ® Hp,

Fact 4.13. Let {AZ} and {B%*} be POVM measurements. The f
1. If A7 @ Iob ~5 Iaiice ® By then Ag ® Igob ~s Ialice ® By .
EY I(4®I-I®B) ) IP=E) Wl (45)?*@I+1 (Bf)* 247 ® BY) Iy
a SEi(lPI(Ai@IJrI@BZ"—2A3’®B$)Wf>

=2-2BY" (4] AT ® B2 |4).

Fact 4.32. Let ¥ be a game whose questions (x1,x2) ~ 4 have marginal di:
Suppose { AL} and { B} are measurements such that AL®I ~5 B¥®1 on state 1)
Consider the strategies Sy = {¢, A} and Sp = {1, B}. If either A or B is a proje
(and the other is a POVM measurement), then

Valg(SA) — 0(51/2) < Valg(SB) < Valg(SA) + 0(51/2).



Quantum soundness of classical SvP

Definition 4.39. Define PolyMeas(m, d, q) to be the set of POVM measurements whose outcomes
correspond to degree-d, F -valued polynomials. In other words, G € PolyMeas(m, d, q) if G = {G,},
with outcomes degree-d polynomials g : Fj* — F,. More generally, we let PolyMeas(m,d, q,¢) be
the set of measurements G'= {Gy, . 4, } outputting ¢ degree-d polynomials g; : F;* — [F,.

The following theorem establishes the quantum soundness of the classical low-degree test in the
k = 2 case.

Theorem 4.40 (Quantum soundness of the classical low-degree test [NV18b, Theorem 2]). There
exists a constant ¢ > 0 and a function §(e€) = poly(e,dm/q°) such that the following holds. Suppose
Alice and Bob are entangled provers who pass Ysurtace(m, d, q,2) with probability at least 1 — € using

the strategy (1, M), where M consists of projective measurements. Then there exists a POVM
measurement G € PolyMeas(m,d, q) such that

My’ ® Igob ~5(c) Latice ® Glg(w)=]> Gg ® Igob ~5(c) Laiice ® Gy,

where the first is on the uniform distribution over Fp".



2. Question Reduction



Register Game

In this part, we implement the quantum registers. Our goal is force Alice and Bob to share a state
of the following form:

[ [ m | - [ [ me ] ® [Caux ],

in which each register r; contains an EPR state, and aux is a symmetric auxiliary state. In addition,
we want the verifier to be able to (i) force the provers to perform Pauli basis queries on some of these
registers and report back the outcomes and (ii) “hide” the remaining registers from the provers so
that they do not measure them at all.

5.1 Definitions

In this section, we will begin by defining quantum registers for nonuniform games. Defining registers
for uniform games ¥ is a little more complicated because we allow the number and size of registers
for ¢ (input) to depend on input. We detail this below in Section 5.3.

Definition 5.1. Let £ > 0 be an integer, and let n = (ny,...,n) and ¢ = (¢1,...,qr) be k-tuples
of integers. A (k,n,q)-register game 4 is defined as follows.

o Questions z are formatted into two blocks # = (z1,23). The first block contains a list of k
Pauli basis queries zy = (W1,..., W}), where each W; € {X,Z, H, L}.

o Answers a are formatted into two blocks a = (ay, as). The first block contains a list of answers
to the Pauli basis queries a; = (uq,...,u;). Here each u; € F o Y {2}.

An (k,n, q)-register strategy S is defined as follows.
o Alice and Bob share a state
[9) =r1) @ -+ @ |rk) @ |aux) .

Here, |r;) = [EPR}?) for each i, and |aux) is an arbitrary symmetric shared state.

o Given a question z = (z1,z9) with first block z; = (Wy,...,W}), Alice and Bob act as
follows. Let 7 € [k].

— If W; € {X, Z}, they measure 7V on the i-th EPR register and set u; to be the outcome.

- If W; € {H, 1}, they set u; = @.
Introduce the notation 75V = I for W € {H, L}. We can write their measurement as

l"[;ll’zz = TH;I K- R TIE:::"" X Iaux- (37)

uy



Introspection Games

Motivation : Since S-S-3SAT question is too big to satisfy interaction protocol.

Fact 12.2. This fact concerns two games and two strategies.

1. Let 9o be the introspective game with evaluation function V. Consider a strateqy Sintro
for Alice and Bob with shared state |intro) = |question) ® |answer) in which Alice and Bob’s
measurements are given by

{PZEA ® AzA }IL'A,CU {Q-TB X BZ;/B }JCB,CLI7

respectively. Write D for the distribution on outcomes (x4, xp) when the measurement {P, ,®
Quptaaxp i performed on |question).

2. Let 4 be the “normal” game played as follows: sample * = (xa,xp) ~ D. Distribute the
questions as follows:

o Alice: give x 4; receive a.

o Bob: give xp; receive b.

Accept if V(xa,xp,a,b) = 1. Write S for the strategy with shared state |answer) in which
Alice’s strategy is {AZA}, and Bob’s strategy is {B, }a'.

Then valg(S) = valg,_, _(Sintro)-



Introspective SvP

. Alice and Bob share three registers, each of which contains an EPR state, so their share
state is
[v0) = IEPR£5>

M M
,®EPRY) . ® [EPRY), .

R R

. Alice first measures her half of registers R; and Rs in the Pauli Z-basis, to obtain uniforml
random outcomes v1,v2. The shared state is now

[¥1) = [EPR) . ® ([91) ajice @ [01)gob) B2 @ ([92) ptice © [02)gop) -

. Now, Alice and Bob both measure register R in the Pauli Z-basis, both obtaining the sam
outcome w. The shared state is now

[¥2) = (1) alice @ [W)Bob) Ro ® ([V1) Alice ® [V1)op) B1 @ (|V2) Alice @ [V2)50b) Ro-

Alice sets her plane s to be s;, and Bob sets his point to be w.

3. New: Intuitively, we would like Alice to be prevented from measuring the component of the

intercept along the directions vi,vs. This information would be obtained by measuring the
observables' Z(v1), Z(vs). To destroy it, we will ask Alice to measure the complementary
Pauli observables X (v1), X (v2) on register Ry, obtaining outcomes a1, az € Fg. The shared
state is now

W)é> X Z Z wal)\-f—agu lu + Avy + p’v2> |u>Bob (‘v1>A|ice ® |v1>Bob)R1

W u’ Alice Ry

® (|v2) Alice @ |V2)Bob) Ro-
where, as above, w = exp(27i/Q) is a Q-th root of unity. Alice and Bob’s state on Ry is

now a uniform superposition over pairs u,u’ of points lying on the same affine subspace with
slopes v1, va.

. Alice and Bob both measure register Ry in the Z basis, obtaining outcomes u and u/, respec-

tively. The shared state is now

953) = (1) Alice © 1) Bob) Ro @ (171) Alice @ V1) o) R1 © (|V2) Alice @ [V2)Bop) R

Alice sets her plane to be s¥, and Bob sets his point to be u’.



Introspective SvP

o Play the game Dyironide(A, ) with x = “surface”, and with the answer ay taking the form
{s, f}, where s is a surface and f is a degree-d function f :s — F,.

o Consider the test in Item 1 of Antromide(A, ). Here, Player b replies with the answer
(2,v1,...,vk, {8, f}), and Player b replies with (a),v1,...,vg, {s’, f'}). In the case where
this test is chosen, accept if Hnironide (A, ) accepts and also if s is the surface {a’1+25:1 \iV;
A1, A € Fg}. (We call this additional check the “Correct Surface Check”.) If this query
is not given to the provers, then accept if Ypiromide(A, ) accepts.

Figure 7: The game gIntroSurfSamp(/\a d)

Theorem 13.5. Let k,n,d > 0 be integers, let q be a power of 2, and let A = (k+1,n,q) be register
parameters. Write {Ay, . .55} for the surface prover’s measurement. Then FntroSurfSamp ‘=
DntroSurfSamp (A, ) has the following two properties.

o Completeness: Suppose there is a degree-d polynomial g : Fyy — Fy such that
Avl...,vk,s,f = H};} ® 7_1;21 Q- Tqi ® Laux - 1[f = g,s]-

Then there is a value-1 \-register strategy for DntroSurtSamp With A as the surface prover’s
measurement.

o Soundness: Let S be a projective \-register strategy which passes YintroSurtSamp With proba-
bility at least 1 — €. Then there exists an ideal measurement A’ of the form

e f=I®TE®...012 ® (M7 )auxs

with M;’U an arbitrary measurement on the aux register, such that A’ is close to the surface
provers’ measurement A in S:

(Au,s,f)Alice ® IBob Rpoly(e) (Ay.s.f)Alice ® IBob-

In particular, the surface output by A’ is the same surface measured by A" in register 0.




Introspective SvP

Flip an unbiased coin b ~ {0, 1}. Distribute the questions as follows.

o Player b: Give (L, Z,...,Z, “surface”); receive (&,v1,...,Vk, 8, f)-
k

o Player b: Give (Z,H,...,H, “point”); receive (u,d,...,d,v), where v € F,.
k k

Accept if f(u) = v.

Figure 8: The game @ntroCross(A, d).

With probability % each, perform one of the following three tests.
1. Surface sampler test: Play “proSurfSamp(A; d).

2. Cross-check test: Play niroCross (A, d).

Figure 9: The game “ntroLowDeg (A, d).



Introspective Intersecting Lines Test

With probability i each, perform one of the following four tests.
1. Low degree test 1: Play ¢.
2. Low degree test 2: Play %.

3. Intersecting lines test: Flip an unbiased coin b ~ {0,1}. Assign the first role to Player b
and the second role to Player b.

o Lines;: Receive £, v, f: £ — F,.

o Linesy: Receive £, u, f': £ — F,.
Accept if £ and £ both contain u + v and f(u +v) = f'(u +v).
4. Consistency test: Assign the first role to Player 1 and the second role to Player 2.

o Points;: Receive v.

o Points;: Receive v'.

Accept if v = V.

Figure 10: The game “Antromtersect (A, d).

o Let G; be a copy of HniroLowDeg (A, d) using register 1 as the point register and register 2 as
the slope register. Write Lines; for the surface prover in G; and write Points; for the points
prover.

o Let G2 be a copy of @ntroLowDeg (A, d) using register 2 as the point register and register 1 as
the slope register. Write Linesy for the surface prover in G and write Pointss for the points
prover.



Introspective Formula Game

4) = (EPR™),) ® [EPRI"), @ [EPRI"), @ [EPRZ**), )superkegs
® <|EPR<T >5)SuperReg2 & (|EPR? >6)SuperReg3 X |aUX>aux .

Definition 15.1. Let Cj,st be a size-sj,s instance of the Succinct-Succinct-3Sat problem.

1. Let C be the size-s Succinct-3Sat instance it succinctly represents. This circuit takes inputs
1,7, k, each of some length n, and bits by, bo,b3. Then s and n can both be trivially upper-
bounded by N := 2%inst,

2. Consider a new circuit Cpaq With inputs 4, j,k € {0,1}" and b € {0,1}>. We write i = (i1, 12),
where 41 is of length N — n and 15 is of length n, and likewise for 7 and k. Let this circuit
act as follows:

o Compute the V of the bits in 71, 71, and ky. Output O if this is 1.
o Otherwise, output Cdec(iz,jg, k‘z, bl, bg, bg)
As defined, this circuit has size s+3(N —n)+2 < 4N =: S, and we will pad it with additional

gates in a trivial manner so that it has exactly S gates. It can be checked that it succinctly
represents the same 3Sat formula as Cgec.

We set PadC(Cinst) := Cpad, PadN(Cingt) := N, and PadS(Cinst) := 4 - N. We note that given Cipgt,
the value of N is efficiently computable.



Introspective Formula Game

Flip an unbiased coin b ~ {0, 1}.

o Player b: Give (Z, Z, Z, Z, “formula”); receive wui,u2,us,(b,w) and vi,vs,v3 and
sy Hpyr-

Compute saty, ., (u, b, w) and zerog ,(u, b, w). Accept if they are equal.

Figure 11: The game @AntroForm (Cinst, P, ¢, m).

Notation 15.2. In the classical case (Section 11), we have a fixed proof which contains fixed
functions which may or may not be low-degree. In the quantum case, however, we are dealing not
with a fixed proof but an interactive prover, and the formula prover may not respond based on fixed
functions (their responses might be randomized, for example). To account for this, we modify the
definitions of sat and zero as follows. First, we recall the notation gy := gy n ., 1, (Definition 11.3).

o Given vi,v9,v3 € Fy, define
saty (2, b, w) := gy(x,b,w) - (11 — b1)(v2 — b2)(v3 — b3).

o Given piy,..., Uy € F,, define

/

m
2eropu(t) = Y 20r0(p, .., (3) - iy
=1

where by definition (Heo); = H for i € [3m] and (Hyepo); = {0, 1} otherwise.

We note that if there is a function g such that v; = g(z;), then saty , = saty 4. Similarly, if there
are functions ¢, ..., ¢y such that p; = ¢;(x), then zeroy ;, = zerog .

Now we state the introspective formula game.



Introspective Formula game

Proposition 15.5 (Introspective formula game completeness). Suppose Cinst is a YES instance of
the Succinct-Succinct-3Sat problem. Let a : {0,1}" — {0,1} be a satisfying assignment to the 3Sat
instance it encodes, and let g := gq : Fg* — Fy be its low-degree encoding. Let ci,. .., cpy : IF(’]"' — I,
be the coefficient polynomials guaranteed to make saty , = zeroy,,,, . by Proposition 11.6. Both g
and the ¢;’s are degree-O(hn') polynomials. Consider the Xc,,., q-register strategy (¢, A) with no

inst»

auziliary register in which

Z

A pwou =Ty ® 7'“Z2 ® T.ui ® Tlfw -1v; = g(wi), pj = ¢j(u, b, w)],

where the indices range over i € (3] and j € [m']. Then this strategy passes

with probability 1.

(Cinsh h’a q, TTL)

Proof. This game is simply the oracularized version of the formula check in the classical PCP. The

proposition follows from the discussion in Section 11.5.

O

Lemma 15.6 (Formula game partial soundness). Let Cinst be a Succinct-Succinct-3Sat instance,
and set 9 = %ntrororm (Cinst: h, g, m). Let S = (¥, A) be a A¢,, q-register strategy. Consider a
measurement on the auziliary register

G = {G_(],Cla”'vcm.'}

with outcomes degree-dy polynomials g : Fg' — Fq and degree-da polynomials ci, ..., ¢y ]FZ?" — IFy.
Suppose A has the following form: for each u, b, w, v, and p,

A:u7b7w7,/7# — T’uzl ® TUZQ ® Tng ® T[fw ® (G[g(ui):ui,(:j(u,b,w)zuj]) (67)

)
aux

where the subscript of the G measurement ranges over all i € [3| and j € [m']. If the probability S
passes G is at least

max{O(hn') + 3d1 s h + d2}
q Y
then v s satisfiable.



IntroNEEXP

With probability % each, perform one of the following nine tests.
1. Low degree test: Play %.p.
2. Intersecting lines test 1: Play %.
3. Intersecting lines test 2: Play “o.
4. Simultaneous low degree test: Play 4 psup.
=

5. Formula test: Player %.

For the remaining tests, flip an unbiased coin b ~ {0,1}. Assign the first role to Player b and the
second role to Player b.

6. Consistency test 1:

o Points;: Receive v.

o Formula: Receive vq.
Accept if v = vy.
7. Consistency test 2:

o Pointsy: Receive v.

o Formula: Receive vs.
Accept if v = vs.
8. Consistency test 3:

o Points;: Receive v.

o Formula: Receive v;.
Accept if v = v3.
9. Consistency test 4:

o Formula: Receive vi,vo,v3 and pq, ..., -

o Formula: Receive v}, v, vy and pf, ... ¢! ..

Accept if v; = v} and p; = p; for all i € [3], j € [m/].

Figure 12: The game “ntroNEEXP (Cinst)-




Theorem 15.8. Let Cipst be a size-(Sinst) Succinct-Succinct-3Sat instance. Let q be a sufficiently
large poly(n) and € > 0 a sufficiently small constant such that FEquation (72) is at least % and
Equation (73) is less than % Write 4 := %ntroNEEXP (Cinst ) -

o Completeness: Suppose Cinst encodes a satisfiable formula. Then there is a value-1 \-register
strateqy for ¢ with no auxiliary register.

o Soundness: If there is a \-register strateqy for ¢ with value at least 1 — €, then Cinst encodes
a satisfiable formula.

Furthermore,

Q-length(¥¢) = O(1), A-length(¥) = poly(2°st),
Q-time(¢) = O(1), A-time(¥) = poly(2°%»st).

Corollary 15.9. There is an absolute constant € > 0 such that the following is true. Let Cinst be a
size-(Sinst) Succinct-Succinct-3Sat instance. Then there exists a game G = YniroNEEXP (Cinst) with
the following properties.

o Completeness: Suppose Cinst encodes a satisfiable formula. Then there is a value-1 real
commuting EPR strategy for 4.

o Soundness: If there is a strategy for G with value at least 1—e¢, then Cinst encodes a satisfiable
formula.

Furthermore,
Q-length(4) = O(sinst), A-length(¥4) = poly(2°inst),

Q-time(¥) = O(sinst), A-time(¥) = poly(2°inst).



Complier

Corollary 5.10. Let 4(-) be a (uniform) game, and let Mparams be a Turing machine which
outputs its register parameters. Then there exists a (uniform) game Goompile(:) with the following
properties. Given an input input, write ¢ := 9 (input), Yoompile ‘= YCompile(input), and A\ =
(B, %,4) == Mpasams(inpit).

o Completeness: Suppose there is a value-1 (k,n,q)-register strategy for ¢ which is also a

real commuting EPR strategy. Then there is a real commuting EPR strategy for Ycompile With
value 1.

o Soundness: Let n = (n1,...,m), and suppose n;, q;, and n; pass the Pauli basis condition
for alli € [k]. If val(Zcompile) > 1—€ then valy(¥) > 1—0(€), where §(¢) = poly(€,n1,...,Mk)-

Furthermore,
Q-time(¥) = Q-time(¥Y;) + O(log(n1)) + - - - + O(log(ng)) + time(Mparams(input)),
Q-length(¢) = Q-length(%4;,) + O(log(n1)) + - - - + O(log(ny)),
A-time(¥) = A-time(%;) + poly(ny) + - - - + poly(ng) + time(Mparams(input)),
A-length(¥) = A-length(%;) + O(n; - loglog(ny)) + - - - O(ny - loglog(ny)).

Proof. We first compute X = Mparams(input) in time time(Mparams(input)). Then it can be checked
that the compiled game C(¢ (input)) from Theorem 5.8 can be efficiently simulated given the register

parameters \. O



3. Answer Reduction



Error Correcting Codes

Definition 16.1 (Error-correcting codes). Let m and ¢ be integers, and let n € [0,1]. An
(n,m, q,n)-error-correcting code Code = (Enc, Dec, Sub) is defined as follows.

o Sub is a subset of Fy" such that for each x # y € Sub, x and y have normalized Hamming
agreement at most 7 (i.e. the probability, over a uniformly random ¢ € [m], that x; = y; is at
most 7).

o Enc:{0,1}" — Sub C F{" is the encoding map.

o Dec : Fj* — {0,1}" U {1} is the decoding map. For each x € {0,1}", Dec(Enc(z)) = x. In
addition, for every w not in the range of Enc, Dec(w) = L.



Theorem 16.6. Consider low-degree parameters params = (n,q,h, Hym,S, 7). Set d =m(h —1).
Set m' = ¢q™. We will identify strings in ]F;"/ with functions g : F' — F,. Given a € {0,1}",
define Enc(a) = go and Dec(gs) = a. For all other g : Fj' — F, (i.e. those which are not the
low-degree encoding of a string a), define Dec(g) = L. Finally, define Sub to be the set of degree d
polynomials g : F' — F,. Then Code = (Enc, Dec,Sub) is an (n,m’, q,d/q)-error-correcting code.

Furthermore, there exists a constant ¢ > 0 and a function 6(e) = poly(e,dm/q°) such that the
following holds. Let k be an integer. Then G psubset := A.Dsubset (M, ¢, d,*) is a k-subset tester for
LDCode with robustness d(¢€).

Finally,

Q-time(¥Lpsubset) = poly(m, k,log q), A-time(¥psubset) = poly(m, dka log q),
Q-length(Y1.psubset) = O(kmlog q),  A-length(4psubset) = O(dk log(q)).

With probability % each, perform one of the following two tests.
1. Low-degree: Perform %y face(m,d, q,2).

2. Cross-check: Flip an unbiased coin b ~ {0,1}. Let s be a uniformly random subspace of
dimension k£ + 1 containing the points in /. With probability % each:
(a) Let w be a uniformly random point in s. Distribute the questions as follows:
o Player b: give w; receive a value y € F,,.
o Player b: give s; receive a degree-d polynomial g : s — F,.
Accept if g(w) = y.
(b) Distribute the questions as follows:
o Player b: give s; receive a degree-d polynomial g : s — F,,.
o Player b: give I'; receive a function f : F — [F,.

Accept if g|lp = f.

Figure 13: The game 4 psubset(m, q, d, F).




Efficiently Decodable Codes

Definition 16.8 (Efficiently-decodable error-correcting codes). Let m,q : ZT — Z*, and let
n: Z* — [0,1. Let tpec,tgmp : ZT — Z*. We say that Code, = (Enc,,Dec,,Sub,) is an
(n,m,q,m, tDec, tEmb ) -€efficient code family if the following three conditions are true.

o For each n, (Enc,, Dec,, Sub,) is an (n,m(n), q(n),n(n))-error-correcting code.

o There exists an algorithm Algp,. which, on input (n,w), outputs Dec,(w). Furthermore,
Algpe. runs in time tpec(n).

o There exists an embedding p,, : [n] — [m(n)] such that for each i € [n], z; = (Encn(x)),, )
Furthermore, there is an algorithm Algy,,;, which, on input (n,7), computes u,(i) in time
tEmb(n).

Now, we show that the low-degree code is efficiently-decodable. The decoding algorithm follows
a simple strategy: assuming that the input is a proper encoding of a message, they can directly
read off the message from the input. Then they compute the encoding of the purported message
and check that it equals the input.

Fact 16.9. There is a (n,m’,q,n, tDec, tEmp )-error-correcting code Code with parameters set as

follows:
1

~ polylog(n)’
tpec(n) = poly(n), tEmb(n) = polylog(n).
In addition, Code has a k-subset test 4 with robustness d(e¢) = poly(e, 1/log(n)) such that

m’(n) = poly(n), q(n) = polylog(n), n(n)

Q-time(¥) = poly(logn, k), A-time(¥4) = poly(log(n)*),
Q-length(4) = O(klogn), A-length(¥) = O(log(n)?).



[ ] [ ]
O ra C | a r I Za t I O n Given a game ¢, sample a tuple (xg,x1,C) ~ ¥, and flip two unbiased coins b,c ~ {0,1}. With
u probability % each, perform one of the following two tests.
1. Verify: Distribute the questions as follows:

o Player b: send the pair (xg, 1) and receive answers (ag, a1).

o Player b: send x. and receive an answer as.
2. Consistency: Play the consistency game with question xg, x.

Accept if as = a. and V (xo, x1,a0,a1) = 1.

Figure 14: The oracularized game Coracle(¥).

Definition 17.1. Given a two-player entangled game ¥, its oracularization is the game Copacle()
given in Figure 14. If ¢ is value-1, then we call it oracularizable, if val(Coracle(¥)) = 1 as well. We
also note that for any game ¢, if val(¢) < 1 — 9, then val(Cyracle(¥¢)) < 1 — O(9).

A real commuting EPR strategy allows “Player b” to sample both questions @y and x; simultane-
ously. As a result, if a game ¢ has a value-1 real commuting EPR strategy, then it is oracularizable.

The value of oracularization is that when the verifier checks V(xg,x1,a9,a1) = 1, both ag
and a; come from the same prover rather than two different provers. This seems like a minor
change, but in fact it makes all the difference. Our goal is to reduce the verifier’s runtime by
having the provers encode their answers using PCP technology. When the answers come from both
provers, the relevant piece of PCP technology is a distributed PCP, but it is known by a simple
argument of Reingold that distributed PCPs do not exist (see the discussion in [ARW17]). The key



PCPP

Definition 17.2. A pair language L is a subset of {0,1}* x {0,1}*. Given z € {0,1}*, we write
L,={ye{0,1}* | (z,y) € L}.

The next two definitions state the notion of an efficient PCPP verifier.

Definition 17.3 ([BSGH'05, Definition 2.1]). Let r,q : ZT — ZT and t : ZT x Z* — Z*. An
(r,q,t)-restricted PCPP verifier is a probabilistic machine that, given a string = (called the explicit
input) and a number K (in binary) as well as oracle access to an implicit input y € {0, l}K and to
a proof oracle m € {0,1}*, tosses r(|x| + K) coins, queries the oracles (y, ) for a total of ¢(|z| + K)
symbols, runs in time ¢(|z|, K'), and outputs a Boolean verdict in {accept, reject}.

Definition 17.4 ([BSGHT05, Definition 2.2]). For functions r,q : Z*T — ZT, t : ZT x ZT — ZT,
and constants s, € [0,1], a pair language L C {0,1}* x {0,1}* is in PCPP, ,[r, ¢, t] if there exists
an (r,q,t)-restricted PCPP verifier V' with the following properties:

o Completeness: If (z,y) € L then there exists a 7 such that Prg[V¥™ (z, |y|; R) accepts] = 1,
where V¥ (z, |y|; R) denotes the decision V' on input (z, |y|), oracle access to (y, ), and coin
tosses R.

o Soundness: If (z,%) is such that y is y-far from L, N 3l¥l, then for every 7 it holds that
Prp[V¥7™(z, |y|; R) accepts] < s.

Mie’s time-efficient PCPP is states as follows.

Theorem 17.5 ([Mie09, Theorem 1)). Suppose that L is a pair language in NTIME(T) for some
non-decreasing function T : ZT — ZT. Then, for every two constants s,y > 0, we have L €
PCPP,.[r.q,1], for

o Randomness complezity r(m) = logy, T'(m) + O(loglog T'(m)).
o Query complezity q(m) = O(1),
o Verification time t(n, K) = poly(n,log K,logT(n + K)).

We note that this is in fact a much stronger than what we will actually need. In particular, we
will only apply this to languages L in deterministic TIME(T), which are trivially in NTIME(T).



Composing with error correcting code

Definition 17.6 (Error-correcting the provers’ answers). Let V' = (Algq, Alg, ) be an MIP* verifier
(the language it verifies is not important). Suppose on inputs of size n it has question length /g (n)
answer length /5 (n). Write La for the language decided by Alg,. Let Code; = (Encg, Decy, Suby)
be a (k,m,q,n, tpec, tEmb )-efficient code family with decoding algorithm Algp,... Then L o Code is
a new language defined as follows: suppose (input, xo, z1,¥0,vy1) € La. Let n be the length of input
and ¢ = ¢p(n). Then (input, zo, x1, Ence(yo), Ence(y1)) € La o Code.

Proposition 17.7 (Runtime of the composed verifier). Let V' and Codey be as in Definition 17.6.
Suppose Alga runs in time T(n). Then there is an algorithm, which we denote Alg, o Code,
deciding the language La o Code. In addition, on inputs (input, xg, 21, 20, 21) in which |input| = n,
|zo| = |z1| = Lg(n), and |2p| = |21] = m(£a(n)), the algorithm runs in time T'(n) + tpec(fa(n)).

Proof. On input (input, zg, x1, 29, 21 ), we define the action of Alg, o Code as follows.
1. Compute n, the length of input. Set ¢ := ¢ (n).
2. Check that zy and z; have length m(¢). If they don’t, reject.
3. Compute yg = Algp.. (¢, z0) and y; = Algp..(¢, z1). If either yg or y; is L, reject.

4. Otherwise, we know that 39,4, € {0,1}*. Run Alg, (input, zg, 21,90, y1). Accept if it accepts,
and reject if it rejects.



Definition 17.9. We instantiate the answer-reduced MIP* protocol with the following algorithms
and parameters.

o Let V = (Algq,Algs) be an MIP® verifier for a language L. Write La for the language
decided by Alg,. Suppose on inputs of size n, the verifier V' has question length fv,q(n),
answer length £y a(n), question time ty,q(n), and answer time ty,a(n).

o Let Codey, = (Ency, Decy, Suby) be a (k, m, ¢, 1, tpec, tEmb )-efficient code family with decoding
algorithm Algp,.. and embedding fu.

o Let 4 be a game which tests for Coder with robustness xi(e). Suppose it has question
length fy o(k), answer length £y 5 (E), question time ty o(k), and answer time ty A (k).

o Let s,6 > 0 be constants, and let Vpcpp be the PCPP verifier for the language L o Code
guaranteed by Theorem 17.5 with these parameters. Suppose on inputs of size n it has proof
length ¢;(n). By Proposition 17.7, L o Code is in time tcompose(n) = tv,a(n) +tpec(fv,a(R)).
We can therefore write Vpeopp's verification time as

tpcpp(n) = poly(n + Lyv,q(n), log(m(fv,a(n))), log(tcompose(2)))-

Fina'll.Y: éﬂ’(n) = tcompose(n) : pOlylog(tcompose(n))-
Write ¢1 := fy,a(n) and £o := £x(n). Then the answer reduction game Ganswer (input; V, Code, ¥, s, 9)

is given in Figure 15. We write Vanswer for the corresponding verifier.

Theorem 17.10. Suppose V', Code, ¥, and Vpcpp are as in Definition 17.9. Suppose 8,7 are cho-
sen to be constants such that n(k) > 2+ for all k. Suppose further that V has the following property:
for any input in L, the provers have a real commuting EPR strategy with value 1. Then Vinswer 1S
also an MIP* wverifier for L with the following two conditions:

o (Completeness) If input € L, then there is a value-1 strategy.

o (Soundness) Given input, suppose there is a strategy with value 1 —e. Then there is a strategy
for V' on input input with value 1 — (¢), where d(e) is given by

d(€) = poly(xe, (poly(€)), xe, (poly(€)), n(f1), n(f2))-

Hence, if we choose our parameters so that 1 —d(€) is greater than the soundness of V', this implies
that Vypswer 18 an MIP™ wverifier for L with soundness 1 — e.
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